Abstract. In this paper, we consider the asymptotic behavior of two Teichmüller geodesic rays determined by Jenkins-Strebel differentials, and we obtain a generalization of a theorem in [Ama14] . We also consider the infimum of the asymptotic distance in shifting base points of the rays along the geodesics. We show that the infimum is represented by two quantities. One is the detour metric between the end points of the rays on the Gardiner-Masur boundary of the Teichmüller space, and the other is the Teichmüller distance between the end points of the rays on the augmented Teichmüller space.
Introduction
Let X be a Riemann surface of genus g with n punctures such that 3g −3+n > 0, and T (X) be the Teichmüller space of X. Any Teichmüller geodesic ray on T (X) is determined by a holomorphic quadratic differential on an starting point of the ray. A geodesic ray is called a Jenkins-Strebel ray if it is given by a JenkinsStrebel differential. In [Ama14] , we obtain a condition for two Jenkins-Strebel rays to be asymptotic (Corollary 1.2 in [Ama14] ). To obtain this condition, we use Theorem 1.1 in [Ama14] which gives the explicit asymptotic value of the Teichmüller distance between two similar Jenkins-Strebel rays with the same end point in the augmented Teichmüller space. In this paper, we improve this theorem, and obtain the asymptotic value of the distance between any two Jenkins-Strebel rays.
Let r, r ′ be Jenkins-Strebel rays on T (X) from r(0) = [Y, f ], r(0) ′ = [Y ′ , f ′ ] determined by Jenkins-Strebel differentials q, q ′ with unit norm on Y , Y ′ respectively. It is known (cf. [HS07] ) that the Jenkins-Strebel rays r, r ′ have limits, say r(∞), r ′ (∞), on the boundary of the augmented Teichmüller spaceT (X). Suppose that r, r ′ are similar, that is, there exist mutually disjoint simple closed curves γ 1 , · · · , γ k on X such that the set of homotopy classes of core curves of the annuli corresponding to q, q ′ are represented by f (γ 1 ), · · · , f (γ k ) on Y and f ′ (γ 1 ), · · · , f ′ (γ k ) on Y ′ respectively. We denote by m j , m Remark. The quantity δ is known as the detour metric between end points of the rays r, r ′ in the Gardiner-Masur boundary of T (X). We refer to [Wal12] , and also [Ama14] .
Preliminaries
2.1. Teichmüller spaces. Let X be an analytically finite Riemann surface which has genus g and n punctures, briefly, we say it is of type (g, n). We assume that 3g − 3 + n > 0. Let T (X) be the Teichmüller space of X. It is the set of equivalence classes of pairs of a Riemann surface Y and a quasiconformal mapping f :
, where the infimum ranges over all quasiconformal mappings h : Y → Y ′ such that h • f is homotopic to f ′ , and K(h) is the maximal quasiconformal dilatation of h.
Holomorphic quadratic differentials.
A holomorphic quadratic differential q on X is a tensor of the form q(z)dz 2 where q(z) is a holomorphic function of a local coordinate z on X. For any q = 0, a zero of q or a puncture of X is called a critical point of q. Then, q has finitely many critical points. We allow q to have poles of order 1 at punctures of X. Then, the L 1 -norm q = X |q| is finite, where |q| = |q(z)|dxdy. If q = 1, we call q of unit norm.
Let p 0 be a non-critical point of q and U be a small neighborhood of p 0 which does not contain any other critical points of q. For any point p in U , we can define a new local coordinate ζ(p) = z(p) z(p0) q(z) 1 2 dz on X where z is a local coordinate on U . The coordinate ζ is called a q-coordinate. By q-coordinates, we see that q = dζ 2 , and in a common neighborhood of two q-coordinates ζ 1 , ζ 2 , the equation ζ 2 = ±ζ 1 +constant holds.
Suppose that p 0 is a critical point of q, and its order is n ≥ −1. In a small neighborhood of p 0 which does not contain any other critical points of q, there exists a local coordinate z on X such that z(p 0 ) = 0 and q = z n dz 2 . For instance, we refer to [Str84] . For any non-critical point in the neighborhood of p 0 , there exists a q-coordinate ζ. By dζ 2 = z n dz 2 , the transformation ζ = 2 n+2 z n+2 2 holds.
For any k = 0, · · · , n + 1, the set {
n+2 } on the z-plane is mapped to the half plane {0 ≤ arg ζ ≤ π} or {π ≤ arg ζ ≤ 2π} on the ζ-plane. We can see the trajectory flow in the neighborhood of p 0 as the n + 2 copies of the half plane with the gluing along each horizontal edge of the planes (Figure 1) . A horizontal trajectory of q is a maximal smooth arc z = γ(t) on X which satisfies q(γ(t))(
2 > 0. By definition, horizontal trajectories of q does not contain critical points of q. All horizontal trajectories of q are Euclidean horizontal arcs in q-coordinates, moreover, by the form of transformations of q-coordinates, "horizontal directions" are preserved. A saddle connection of q is a horizontal trajectory which joins critical points of q. We denote by Γ q the set of all critical points of q and all saddle connections of q. Any component of X − Γ q is classified to the following two cases.
• Annulus: It is an annulus which is swept out by simple closed horizontal trajectories of q. These are free homotopic to each other. We call the simple closed horizontal trajectories the core curves of the annulus.
• Minimal domain: This domain is generated by infinitely many recurrent horizontal trajectories which are dense in the domain.
Since q has finitely many critical points, the number of components of X − Γ q is finite. If X − Γ q has only annuli, we call q a Jenkins-Strebel differential. Let f : X → Y be a Teichmüller mapping and q be the associated unit norm holomorphic quadratic differential on X. In this situation, there exists a unit norm holomorphic quadratic differential ϕ on Y such that f maps each zero of order n of q to a zero of order n of ϕ, and is represented by w
2 y where z = x + iy and w are q and ϕ-coordinates respectively. Such ϕ is uniquely determined. For more details of the discussion, we refer the reader to [IT92] .
Let p = [Y, f ], q = 0 be a unit norm holomorphic quadratic differential on Y , and z be any q-coordinate. The mapping r : R ≥0 → T (X) is called a Teichmüller geodesic ray from p determined by q if for any t ≥ 0, we assign a point [Y t , g t • f ] in T (X) to r(t) where g t is a Teichmüller mapping on Y which is of the form z = x + iy → z t = e −t x + ie t y, and Y t is a Riemann surface which is determined by the coordinates z t . We assume that g 0 = id Y and Y 0 = Y . By properties of Teichmüller mappings, we have d T (X) (r(s), r(t)) = |s − t| for any s, t ≥ 0. If q is Jenkins-Strebel, we call r a Jenkins-Strebel ray.
Let r, r ′ be any two Jenkins-Strebel rays on
respectively. The rays r, r ′ are similar if there exist mutually disjoint simple closed curves γ 1 , · · · , γ k on X such that the set of homotopy classes of core curves of the annuli corresponding to q, q ′ are represented by
2.4. Augmented Teichmüller spaces. We refer to [HS07] and [IT92] for augmented Teichmüller spaces. Let R be a connected Hausdorff space which satisfies following conditions:
• Any p ∈ R has a neighborhood which is homeomorphic to the unit disk
We call R the Riemann surface of type (g, n) with nodes.
The augmented Teichmüller spaceT (X) is the set of equivalence classes of pairs of a Riemann surface of type (g, n) with or without nodes R and a deformation f : X → R. The deformation f is a continuous mapping such that some disjoint loops on X are contracted to nodes of R, and is homeomorphic except to these loops. Two pairs (R, f ) and (R ′ , f ′ ) are equivalent if there is a conformal mapping h : R → R ′ such that h • f is homotopic to f ′ , where the conformal mapping means that each restricted mapping of a component of R − {nodes of R} onto a component of R ′ − {nodes of R ′ } is conformal. Obviously, T (X) is included in T (X). A topology ofT (X) is induced by the following. Let [R, f ] inT (X). For any compact neighborhood V of the set of nodes of R and any ε > 0, a neighborhood 
Suppose that r, r ′ are similar Jenkins-Strebel rays on
′ respectively. Let γ 1 , · · · , γ k be as in the definition of "similar" in §2.3. There is a homeomorphism α :
which is homotopic to the identity such that the mapping f ′ • α • f −1 maps the core curves of the annuli corresponding to f (γ j ) to the core curves of the annuli corresponding to
for any λ = 1, · · · , Λ. We define the Teichmüller distance between r(∞), r ′ (∞) by
where the infimum ranges over all quasiconformal mappings h λ :
. This definition means that the distance between end points of Jenkins-Strebel rays is the maximum of the distance between the corresponding points of the Teichmüller space of each component of the end points of the rays.
Proof of Theorem
We recall our main theorem. 
lim
We use the following lemma.
Lemma 3.1. Let R, R ′ be Riemann surfaces with nodes and f : R → R ′ be a K-quasiconformal Teichmüller mapping. This means that f is a homeomorphism, each restricted mapping of f which maps a component of R − {nodes of R} onto a component of R ′ − {nodes of R ′ } is a Teichmüller mapping, and the maximum of maximal dilatations of such mappings is K. Then, for any sufficiently small ε > 0, there exists the (K + O(ε))-quasiconformal mapping g : R → R ′ such that g is conformal on a neighborhood of the set of nodes of R, and is homotopic to f .
The lemma is proved in the paper of [FM10] , however we give a new proof of the latter part of their proof.
Proof of Lemma 3.1. Let µ be the Beltrami coefficient of f . For any ε > 0, we consider a new Beltrami coefficient
on R, where z is each local coordinate near nodes of R and the domain {|z| < ε} represents a neighborhood of nodes z = 0. Then, there exist a Riemann surface with nodes R ε and a K-quasiconformal mapping f ε : R → R ε such that f ε is conformal on the neighborhood of nodes of R. For sufficiently small ε, f ε is close to f and R ε is close to R ′ . The mapping f • f −1 ε : R ε → R ′ is K-quasiconformal in a small neighborhood of nodes of R ε and is conformal on the outside of the neighborhood. We use local coordinates such that nodes of R ε and R ′ correspond to 0, and
in R ′ is mapped to the disk {|z| < δ} by a conformal mapping f l j,ε such that f l j,ε (0) = 0 and f l j,ε (δ) = δ. We denote simply by
ε . The family of K-quasiconformal mappings {F ε } is normal, then we can assume that F ε converges to a K-quasiconformal mapping F 0 uniformly on any compact set of {|z| < δ} as ε → 0. However, any point of {0 < |z| < δ} is a holomorphic point of F ε for sufficiently small ε, then F 0 is holomorphic in {0 < |z| < δ}. Since F 0 fixes 0 and δ, we can see that F 0 is an automorphism on {|z| < δ} and then it is the identity. Now, we rescale {|z| < δ} to D, and assume that {F ε } as mappings of D onto itself. We set a conformal mapping φ(z) :
Lemma 3.2. We have
where the supremum ranges over all x, t ∈ R such that t = 0.
Proof of Lemma 3.2. We notice that
fε(x)−fε(x−t) is positive, and its reciprocal is the case of −t. Then, it suffice to show that for any t > 0. Let
be a cross ratio for any z 1 , z 2 , z 3 , z 4 ∈Ĉ. We write φ(x) = e iθ , φ(x+t) = e i(θ+ϕ) and φ(x − t) = e i(θ−ψ) where 0 ≤ θ < 2π and ϕ, ψ > 0. Since all Möbius transformation preserve cross ratios,
We set z = e iy . By log F ε (e iy ) = i(arg F ε (e iy ) + 2nπ), we have
Since F ε (z) and
converge to z and 1 uniformly on ∂D respectively, then
as ε → 0. For any 0 < E < 1, we take sufficiently small ε such that
holds for any 0 ≤ y < 2π. Now, we calculate and estimate each term of (2).
1+y 2 dy 2 = 2 sin{(1 + E)(arctan(x + t) − arctan x)}, and similarly,
as E → 0. This means that we can write sin{(1 ± E)α} = (1 + O(E)) sin α. Therefore,
We conclude that
Also we have similar estimates for
Finally, we can see that
The lower estimate is similar.
Lemma 3.2 implies that the mapping f
is (1 + O(ε))-quasisymmetric on the circle ∂N l j = {|z| = δ} for sufficiently small ε. We apply Lemma 5.1 in [Gup11] . Then, there exists a mapping η
, and η l j,ε is the identity in a sufficiently small neighborhood of 0. The mapping (f
We consider the mapping of R ε onto R ′ which is (f ε . We deform h ε to a (1 + O(ε))-quasiconformal mapping which is conformal on a neighborhood of nodes of R ε . We use ε ′ < 1 instead of O(ε). Let q be the holomorphic quadratic differential on R ε − {nodes of R ε } which is corresponding to the Teichmüller mapping h ε . Let z = x + iy be any q-coordinate, then h ε is represented by z → x + i(1 + ε ′ )y. We consider the set
where 0 corresponds to a node of R ε . Let H ε be a mapping on the half set {0 ≤ x, y ≤ ε ′ } − {0} which is defined the following:
An easy calculation shows that H ε is (1 + O(ε))-quasiconformal. We extend H ε symmetrically to D ε . We assume that z = 0 is a critical point of q of order n ≥ −1. We consider the n + 2 copies of D ε around 0 whose horizontal segments of the boundary of D ε lie on the horizontal trajectories of q which tend to 0, and vertical segments of the boundary of D ε are joined adjacent to other D ε (Figure 2) .
Finally, we extend the mapping H ε as the original mapping h ε on the outside of all D ε , i.e., it is of the form z → x + i(1 + ε ′ )y. Then the mapping H ε is defined on the whole surface R ε . The quasiconformal mapping Figure 2 . The gluing of D ε in the case of n = 1 tends to the identity as ε → 0. Hence, for sufficiently small ε, the quasiconformal mapping
ε is homotopic to the identity because each mapping class group on components of R ′ − {nodes of R ′ } is discrete. We conclude that the composition H ε • f ε is homotopic to f , and it is our desired mapping g.
Proof of Theorem 1.1. If r, r ′ are not similar, the result is already known. We can see it in [Iva01] , [LM10] and also [Ama14] .
Let r, r ′ be similar Jenkins-Strebel rays on
′ respectively. By definition, there exist mutually disjoint simple closed curves γ 1 , · · · , γ k on X such that the set of homotopy classes of core curves of the annuli corresponding to q, q ′ are represented by
which is homotopic to the identity such that the mapping f ′ •α•f −1 maps the core curves of the annuli corresponding to f (γ j ) to the core curves of the annuli corresponding to f ′ (γ j ) for any j = 1, · · · , k. We denote by m j , m 
